Equivalence relations and mappings for crisp sets are very well known. This paper attempts an investigation of equivalence relations and mappings for fuzzy sets. We list some concepts and results related to fuzzy relations. We give some examples corresponding to the concept of fuzzy equality and fuzzy mapping introduced by Demirci [1] . In addition, we introduce the notion of preimage and quotient of fuzzy equivalence relations. Finally, we investigate relations between a fuzzy equivalence relation and a fuzzy mapping.
Introduction
The notion of fuzzy sets in a set generalises that of crisp subsets, and Zadeh [9] introduced it as an approach to a mathematical representation of vagueness in everyday language. Also a fuzzy relation between Xand Y as a fuzzy set in X × Y was proposed by Zadeh [9] . Later he studied similarity relations in [10] . Subsequently, Goguen [2] , Murali [3] and Ovchinnikov [5] , etc., have studied fuzzy relations in various contents. Furthermore, Nemitz [4] have investigated fuzzy relations connected with equivalence relations and fuzzy functions. In particular, more recently, Demirci [1] studied fuzzy equalities and fuzzy mappings.
Equivalence relations and mappings in crisp set theory are very well known. This paper attempts an investigation of equivalence relations and mappings in fuzzy set theory. In Section 2, we list some concepts and results related to fuzzy relations. In Section 3, we give some examples corresponding to the concept of fuzzy equality and fuzzy mapping introduced by Demirci [1] . Also, adding to his results, we obtain some another results. In Section 4, we introduce the notions of preimage and quotient of fuzzy equivalence relations. And we study some properties. In Section 5, we investigate relations between a fuzzy equivalence relation and a fuzzy mapping.
Throughout this paper, we denote the unit interval [0, 1] as I, and X, Y , Z, etc., denote ordinary sets. In particular, I
X denotes the set of all fuzzy sets in X.
Preliminaries
In this section, we list some basic notions and results which are needed in the later sections. Definition 2.1 [7] . Let f : X → Y be an (ordinary) 
Definition 2.2 [9] . R is called a fuzzy relation from
We will denote the set of all fuzzy relations on X as FR(X). Definition 2.3 [10] . Let R ∈ I X×Y and S ∈ I Y ×Z . Then:
(i) The sup-min composition of R and S, denoted by S •R, is a fuzzy relation on X ×Z defined as follows:
Definition 2.4 [5, 10] . Let R ∈ FR(X). Then R is said to be :
iv) a fuzzy equivalence relation on X if it satisfies (i),(ii) and (iii).
We will denote the set of all fuzzy equivalence relation on X as FER(X).
Let R be a fuzzy equivalence relation on X and let a ∈ X. We defined the mapping Ra : X → I as follows : ∀x ∈ X, Ra(x) = R(a, x). Then clearly Ra ∈ I X . In this case, Ra is called a fuzzy equivalence class of R containing a ∈ X. The set {Ra : a ∈ X} is called the fuzzy quotient set of X by R and denoted by X/R (See [5] ). 
a∈X Ra = X.
Fuzzy mappings
In this section, we list some concepts and their properties by Demirci [1] . And we give some examples and obtain some results.
Definition 3.1[1].
A mapping E X : X × X → I is called a fuzzy equality on X if it satisfies the following conditions :
We will denote the set of all fuzzy equalities as E(X). Definition 3.4 [1] . The identify fuzzy mapping on X, denoted by I X , is the fuzzy relation on X × X defined by:
otherwise, for any x, y ∈ X.
Remark 3.4. (a) I X : X → X is strong bijective w.r.t. any fuzzy equality on X. Moreover I X itself is a fuzzy equality on X.
If f is injective [resp surjective and bijective], then f is injective [resp. strong surjective and strong bijective] w.r.t.
If f and g are strong [resp. injective, surjective, strong surjective, bijective and strong bijective], then so is g • f .
Proof. (i) Suppose f and g are strong and let
(ii) Suppose f and g are surjective and let z ∈ Z.
(iii) Suppose f and g are strong surjective and let z ∈ Z. Since g is strong surjective, ∃y 0 ∈ Y such that
The remaiders are obvious by (i), (ii), (iii) and (iv).
Now suppose g•f is strong surjective and let z ∈ Z.
Let f : X → Y and g : Y → Z be two ordinary mappings. Then it is well-known that if g • f : X → Z is injective, then so is f . However, in case which f and g are fuzzy mappings, the above statement does not hold. 
t. E X ∈ E(X) and E Y ∈ E(Y ). Then f is said to be invertible if the fuzzy relation
Proof. Suppose f is invertible and let y ∈ Y . Since
Since f is a fuzzy mapping,
f (x 1 , y 1 ) = f (x 2 , y 2 ) = 1 and f (x 3 , y 2 ) = 0.5. Then we can easily check that f is strong surjective but f −1 is not strong surjective. Moreover, f is injective. So f is strong bijective but f −1 is not strong bijective.
The following is the immediate result of Lemmas 3.8 and 3.9. 
So, in either cases,
The following is the immediate result of Result 3.B and Lemma 3.11. 
t. E X ∈ E(X), E Y ∈ E(Y ) and E
and the fuzzy relation (g
Definition 3.13. [1] . Let f : X → Y be a fuzzy mapping, let A ∈ I X and let B ∈ I Y . Then: (i) The image of A under f, denoted by f (A), is a fuzzy set in Y defined as follows:
(ii) The preimage of B under f, denoted by f −1 (B), is a fuzzy set in X defined as follows: 
The following is the immediate result of Definition 3.13. 
t. E X ∈ E(X), E Y ∈ E(Y ) and E Z ∈ E(Z), let A ∈ I
X and let B ∈ I Z . Then : 
t. E X ∈ E(X) and E
The following is the immediate result of Theorem 2.5 in [6] and Definition 3.13. 
Y = I y ∈ E(Y ). Then f • f •f =f Proof. Let A ∈ I X . Since f is strong surjec- tive, by Result 3.D(c), f (A) ⊂ f (f −1 (f (A))). Since E Y = I Y , by Result 3.D(d), f (f −1 (f (A))) ⊂ f (A). So f (f −1 (f (A))) = f (A). Hencef • f •f =f .
Proof.(a) Clearly
(c) It is clear from (a) and (b).
Result 3.E[1, Proposition 2.6]. Let f : X → Y be a fuzzy mapping w.r.t. E X ∈ E(X) and E
Y ∈ E(Y ), let A ∈ I X and let B ∈ I Y . (a) If E X = I X and f is injective, then f (A c ) ⊂ [f (A)] c . (b) If f is strong surjective, then [f (A)] c ⊂ f (A c ). (c) If f is strong, then [f −1 (B)] c ⊂ f −1 (B c ). (d) If E Y = I Y , then f −1 (B c ) ⊂ [f −1 (B) c ].
Result 3.F[1, Proposition 2.7].
Let f : X → Y be a fuzzy mapping w.r.t.
The following is the immediate result of Definition 3.1 Proposition 3.17. Let {X α } α∈Γ be a family of sets and let X = α∈Γ X α be the product of {X α } α∈Γ .
If E Xα is a fuzzy equality on X α for each α ∈ Γ, then E X = α∈Γ E Xα is a fuzzy equality on X, where E X : X × X → I is the mapping defined as follows :
The following is the immediate result of Definition 3.2 and Proposition 3.17. Proposition 3.18. Let X = α∈Γ X α be the product of a family {X α } α∈Γ of sets. For each α ∈ Γ, we define the fuzzy relation π α on X × X α as follows :
Then π α : X → X α is a fuzzy mapping w.r.t.
In this case, π α is called the fuzzy projection of X to X α .
From Proposition 3.18, it is clear that π α is strong and strong surjective.
where α∈Γ B α is the fuzzy set in X defined as follows:
The following is the immediate result of Definition 3.2 and Proposition 3.17. 
t. E X ∈ E(X) and E Y ∈ E(Y ). We define the fuzzy relation
In this case, g is called the fuzzy product mapping of f and is denoted by g = f ×f = f 2 .
Preimage and quotient of fuzzy equivalence relations.
Proposition 4.1 Let f : X → Y be a strong fuzzy mapping w.r.t. E X ∈ E(X) and E Y ∈ E(Y ), and let R be a fuzzy equivalence relation on Y . Then f −2 (R) is a fuzzy equivalence relation on X. In this case,
[By Definition 3.13 and Notation
Corollary 4.1 Let f and R be same as in Proposition 4.
Proposition 4.2
If R is a fuzzy equivalence relation on X, then ∃ the strong and strong surjective fuzzy mapping π : X → X/R w.r.t. I X ∈ E(X) and E X/R ∈ E(X/R), where E X/R : X/R×X/R → I is the fuzzy equality on X/R defined as follows : ∀a, b ∈ X, E X/R (Ra, Rb) = R(a, b). In this case, π is called the natural (or canonical ) fuzzy mapping.
Proof. We define the fuzzy relation π :
. Thus π satisfies the condition (f.2). So π : X → X/R is a fuzzy mapping w.r.t. I X and E X/R . Moreover, it is clear that π is strong and strong surjective from the definition of π. Proposition 4.3 Let R and G be fuzzy equivalence relations on X such that R ⊂ G. We define the mapping G/R : X/R × X/R → I as follows :
Then G/R is a fuzzy equivalence relation on X/R. In this case, G/R is called the fuzzy quotient of G by R.
Proof. It is clear that G/R is reflexive and symmetric
Hence G/R is a fuzzy equivalence relation on X/R.
The following is the immediate result of Proposition 4.3. 
(b) By the hypothesis and, (a) and Proposition 4.3, it is clear that (G•H)/R is a fuzzy equivalence relation on X/R. Let a, c ∈ X.
(c) It is obvious from (b).
Proposition 4.5 Let R and G be fuzzy equivalence relations on X and Y , respestively . Let the fuzzy product of R and G, denoted by R · G, be a fuzzy relation on (X × Y ) × (X × Y ) defined as follows : Remark 5.1 Corollary 5.1 is the generalization of Theorem 3.22 in [6] in fuzzy setting.
Proposition 5.2
Let f : X → Y be a strong fuzzy mapping w.r.t. I X ∈ E(X) and E Y ∈ E(Y ) and let ran f = {y ∈ Y : ∃x ∈ X such that f (x, y) > 0} ⊂ Y . Let R be the fuzzy equivalence relation determined by f. We define two fuzzy relations s and t on X/R×ranf and ranf × Y , respectively as follows:
s(Ra, y) = f (a, y), ∀a ∈ X, ∀y ∈ ran f and t(y, y ) = 1 if y = y , 0 if y = y , ∀y ∈ ran f, ∀y ∈ Y.
